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4 TAI LIEU ON THI TN THPT 2025 p
~ Py x
LOI NOI PAU
Cédc em than mén!

Trén tay cdc em 13 cuén “SO TAY KIEN THUC TOAN 12” dwoc Thay
C6 bién soan dua trén 8 chu dé thi T6t nghiép THPT QG mén Toan
theo chuong trinh mé&i tir nam 2025.

Ndm hoc nay |a ndm d4au tién Idp 12 dwoc hoc theo chuong trinh
GDPT md&i 2018 va cling |1a ndm dau tién thi t6t nghiép dau ra cla
chuong trinh nay. Chwong trinh ma&i véi hinh thic thi hoan toan
ma&i, khi ma s6 lvgng cau hdi duoc giam di dang ké, hinh thic cau
hdi cling da dang hon trudc véi lvong thoi gian khéng déi; khi d6,
cac cau hdi s& tap trung vao chiéu sau, cling nhu béc tia nhiéu van
dé cla mot ndi dung kién thirc, doi héi cac em phai ndm that chiac
ki€n thirc nén tang. Liét ké ra cac cha dé kién thirc cha bai thi TN
THPT, t&r d6 chinh phuc tirtng cht dé mot 13 viéc 1am dau tién va
can thiét dé cdc em lam chd kién thic, tw tin hon va tir dé chinh
phuc bai thi mang tinh bwdc ngodc sap dén.

T nhitng yéu cau thuc té trén, Thay C6 dwa vao day nhirng kién
thirc trong tdm nhat véi cdc dinh nghta, dinh Ii, tinh chdt va hé qua
duoc trinh bay day du va chi tiét, xem nhu la “géc”, 13 “xuong
sdng” trong chuong trinh phé théng cling nhu cla bai thi tét
nghiép moén Toan.

cudn SO TAY KIEN THU'C TOAN 12 dwoc Thay Cd bién soan danh
riéng cho cdc em hoc sinh trwuéng THPT Pham Phu Thé khéa thi t6t
nghiép THPT 2025. Hi vong nd s& giup ich phan nao trong hanh
trinh chinh phuc mén Todn th&i phd théng clia cac em.

GUi dén cdc em v@i that nhiéu sy tdn tdm, trdch nhiém va day yéu
thuwong!

Hoa Son, thang 03 nim 2025
T6 Todn trwong THPT Pham Phii Thit.
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4 sO TAY KIEN THUC TOAN 12
CHU BE 0. MOT SO KIEN THUC NEN TANG
I. HE THU'C LUQONG TRONG TAM GIAC. DIEN TiCH
1. Hé thirc lwong trong tam giac vudng. Ti s6 lwong giac

Pitago
* AB* + AC* = BC’; A
* AB*> =BH.BC; AC* =CH.BC;
*AH?> =BH.CH ; AH.BC = AB.AC;

cL L e ABAC L e »
AH?* AB*  AC? B+ aC |
AC B ..
-SinB:— dél hu én, = coOsB="—"- ké hu én,
gc (90i/huyen) 2= (ke/huyen)
. tanBz£ (d&i/ké) ; . cothﬂ (k&/d5i).
AB <C

2. Pinh ly sin. Dinh ly c6sin. Dién tich tam giac
Goi: R, r, p lan lugt la ban kinh dwong tron ngoai ti€p, ban kinh duwong tron noi
tiép va nlra chu vi cha mét tam gic.
a b c
- =— =— =2R.
sind sinB sinC

»PLcosin: a> =b* +¢* —2bc.cos A; b* =a* +¢* —2ac.cos B; ¢ =a® +b* —2ab.cosC.

* PLsin:

a b’ +c* —a? a’+c* -b* a’ +b* -¢*
Hé qua: cosA=———; cosB=————; cosC=———.
2bc 2ac 2ab
(téng binh phuwong hai canh ké triv binh phwong canh déi; chia 2 1én tich hai canh ké)

* Dién tich: SAABCZ%ha'aZ%hb'bZ%hc'c ;

1 1 1
S =—ab.sinC=—ac.sin B=—bc.sin 4;
MBE 9 2 2

abc
sine = = Pr=P(p=a)p=b)p—=b).
3. Cong thirc nhanh tinh dién tich mét sd hinh thwdong gap
e AABC vudngtai A: S,z =%AB.AC =%AH.BC.
2
e Tam giac déu: * Puong cao =M. = Dién tich: = M.
¢ Hinh vuodng: = Duong chéo = (canh) x J2. = Diéntich: = (canh)®.

,,,,\\
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- TAI LIEU ON THI TN THPT 2025
¢ Hinh chit nhat ABCD :

» Dudng chéo =+ AB* + AD? .
e Hinh binh hanh: S=ah.
(canh ddy x duwong cao twong tng)

= Diéntich: S = AB.AD (daix rong).

B H 4 C
¢ Hinh thang: S=a+b.h. A2 D
(trung binh cdng hai ddy x chiéu cao). h
e Hinh thoi: S = % X tich 2 duong chéo. BT, c

Bdc biét: Hinh thoi cé mdt goc bang 60° hodc 120° duoc tao bdi 2 tam gidc déu.
1
e T giac co hai dwong chéo vuong géc: S = 5 X tich 2 duong chéo.

Il. CONG THU'C LUONG GIAC
1. Cac hé thirc co ban

.9 ) sina cosa
"sin“a+ cos"a=1; " tana = ; cotay=——; = tana.cota = 1;
cosa sin
1
s l+tan’ = - * [+cot’ a=— .
cos” « sin” «
Vk=2n Vk=2n+1 VkelZ
sisin(a+kr)=sina ; = sin(a+kr)=-sina ; =Jtan(a+kz)=tana

cos(ax +kx)=cosa cos(ax + kr)=—cosa cot(ax + kr)=cotax

2. Cac gbc lwgng giac cé lién quan dac biét

Poi: a;—«a

Bu:a; 7—«

Khac pi: a; 7+«

sin(—a) = —sina

sin(7 —) = sina

sin(r + @) = —sina

cos(—a) = cosa

cos(7—a) = —cos

cos(m+a) =—cosa

tan(—a) = —tana

tan(r —a) = —tana

tan(z + @)= tan

cot(—x) = —cotar

cot(r—a) = —cotar

cot(7r + )= cotx

3. Cong thurc cong

K 76 TOAN - TRUGNG THPT PHAM PHU THU




4 sO TAY KIEN THUC TOAN 12 )

» sin(a +b)=sina.cosb +cosa.sinb; = sin(a —b)=sina.cosb —cosa.sinb;
» cos(a +b)=cosa.cosb —sina.sinb; = cos(a—b)=cosa.cosb+sina.sinb;
tana +tanb tana —tanb

= tan(a + b) = = tan(a — b) = .
(a+b) (a=b) 1+ tana.tanb

l-tana.tanb’
4. Cong thirc nhan d6i. Ha bac

» sin2¢ =2sina.cosa; * cos2a =cos’a —sin* @a=2cos’ @ —1=1-2sin’* a;

2tan o
* tan 2 =—F;
l—tan”
.9 1—cos2a 5 1+ cos2a 5 1—cos2a
sSin“g=——; "cos"ag=———; =tan"g=———.
2 2 1+ cos22a
5. Céng thirc tdng thanh tich
a+b a->b . . . a+b a—-b
* cosa +cosbhb = 2cos .COS ; wsina+sinb = 2sin .COS 5 ;
. a+b . a-b ) . a+b . a-b
* cosa—cosbhb = —2sin .sin 5 ; =sina—sinb = 2cos .sin 5 ;

"sing +cosa = \/E.sin(a +%j:\/5.cos(a —%j;
" sina—cosa:x/zsin(a—ij:—\/fCOS(a+%j.

4
6. Cong thirc tich thanh tong

1 1
* cosa.cosb = E[COS(a + b) + cos(a — b)] ;  "sina.sinb= E[cos(a —b) —cos(a + b)] ;

* sina.cosb =%[Sin(a + b) + sin(a — b)] .

7. Ky thuat lam mat dau TRU

» —sina =sin(—a); * —cosa=cos(7ta); —tan @ =tan(—a); = —cot a = cot(—q).
ll. CONG THU'C MU - LOGARIT

1. Cong thirc liiy thira

Cho cac sé dwong a, b. Ta cé:

.. * _
*q’=1 *a"=ga.avéineN "q "= @) =a™ =(a")"
—_— n
n thua so
m n n
a _ a a
- am‘an :am+n - :am n - anbn :(ab)n . N
a" n b

n 1 1
. 7,0 * o on Py a
« Na" =am véi m, neN . Ddc biét: \Ja=a?;Ja=a’.

I 7O TOAN - TRUGNG THPT PHAM PHU THU (s



TAI LIEU ON THI TN THPT 2025

2. Cong thure logarit

Chocédcsd a, b>0, a=1 va

m, nelR . Taco:

log, b=a<a“ =b

lgb =logb=1log,, b

Inb=1log, b

log,1=0

log,a=1

log,a" =n

log , b= iloga b
m

log, b" =nlog, b

log , 0" =£10ga b
m

log, (bc)=1log, b +log, c

log, (éj =log, b—log,c
c

log, b
a®’ =b
alogb ¢ _ Clogb a

1
log, b.log, c=log, ¢ IZ? Z =log, c
(b#1) (b ;1)

1

log, a

log, b=

(b=1)

3. Ham sd mii va ham sé logarit

y=a"——>y'=a"lna

Ham sd mii Ham sé logarit
Dang y:ax vii O0<a=1 yzlogax voi 0<a =1
Tapxacdinh | D=R D =(0;+)
Tap gia tri ye (0; +OO) Y& R
Pao ham

y=log, x—>y'=
xlna

Sw bién thién

thi ham BB trén R

0<a<1| thiham NB trén R

[a>1]: ham BB trén (0;+)
[0<a<1]: ham NB trén (0;+0)

Po6 thi

“trén —> mi;
phai — log”

9] x

Dé so sanh a, b,c,d ta vé dudng

thang x =1.

Y

logx

0] xr

Dé so sanh a, b,c,d ta vé
duong thang y =1.

K 76 TOAN - TRUGNG THPT PHAM PHU THU \/ 6 ?




4 sO TAY KIEN THUC TOAN 12 )
CHU DE 1. PHUONG TRINH VA BAT PHUONG TRINH
I. PHUONG TRINH LU'QNG GIAC
1. Phuwong trinh lwong giac co ban
a) Phwong trinh sinx=m (1)

Véi |m| >1, phuong trinh (1) vé nghiém.
.. . L R T T .
Véi |m|£1, goi a la sb thyc thubée doan {—E,E} sao cho smma=m.

x=a+k2x (keZ).

Khi d6, ta cé: sinx = m < sinx = sina <
x=r—-a+k2r

Chu y: Ta cé mot sb trwdng hop dic biét sau cda phuong trinh sine =m

. sinx=1<:>x=%+k27r(keZ);

. sinx:—1<:>x=—§+k27r(keZ);

o sik=0ox=kz(keZ).
Néu x 1a géc lwgng gidc cé don vi do 13 d6 thi ta cd thé tim gdc lwgng gidc x sao cho
x=a°+ k360°

sinx =sina® nhu sau: sinx = sina® < (keiZ).
x=180°—a° + k360°

b) Phwong trinh cosx=m (2)
V6i |m| >1, phuong trinh (2) vé nghiém.
Vai |m| <1, goi a 1a sb thyc thudc doan [0;7[] sao cho cosa=m.

x=a+k2x

Khi d¢, ta co: cosxzm@cosxzcosac{ (keZ) .

x=—a+k2rx
Chu y: Ta cé mot sé truwdng hop dic biét sau cla phuong trinh cosx =m
o cosx=leox=k2z(kelZ);

o cosx=—-leox=r+k2rn(kel);
. cosx=0<:>x=%+k7z(keZ).

Néu x la géc luwgng gidc c6 don vj do 1a d6 thi ta cd thé tim géc luvgng gidc x sao cho
x=a°+ k360°

cosx =cosa® nhuw sau: cosx = cosa® < (
x=-a°+ k360°

eZ).

T 4 T® TOAN — TRUSNG THPT PHAM PHU THU (7))



4 TAI LIEU ON THI TN THPT 2025 p

¢) Phwong trinh tanx = m

Goi « 1a sé thuc thudc khoang [—%,%) sao cho tana =m .

Khi d¢, ta co: tanx=m<:>tanxztanac>x=a+k7z(keZ).

Néu x 1a gbc lwgng gidc cé don vi do 1a d6 thi ta co thé tim géc luvgng gidc x sao
cho tanx =tana® nhu sau: tanx = tana® < x = a° + k180°(k € Z).

d) Phuong trinh cotx =m

Goi & la s8 thyc thudc doan (0;7) sao cho cota =m.

Khi d6, ta co: cotx =m <> cotx =cota < x=a +kr(keZ).

Néu x 1a gbc lwong gidc cé don vi do la dé thi ta cé thé tim géc lwong gidc x sao

cho cotx =cota® nhu sau: cotx=c0ta°<:>x=a°+k180°(keZ).

2. Phuong trinh lwong gidc dwa vé dang co’ ban

o sinf(x)=sing(x) e [;Ei; z i(_)zzxk)szzﬁ(k €Z).
o cosf(x)=cosg(x) = B: 8; z fgzl;—fi;rﬂ (keZ).

e V@i phwong trinh cé dang:
sin’u (x) = sinzv(x) ,cos’u (x) = coszv(x) ,sin’u (x) = coszv(x)
ta c6 thé dung céng thic ha bac dé dua vé phuong trinh dang
cosf (x)=cosg(x).
e V&i mot s6 phuong trinh lwgng gidc khac, ta cé thé dung céc cong thirc lugng gidc
va cac bién di dé dua vé phuong trinh dang tich A4(x).B(x)=0.
Il. PHUO'NG TRINH, BAT PHUONG TRINH MU VA LOGARIT
1. Phrong trinh mii
Vi a>0,a=1thi: ' =be f(x)=log,b véi b>0;
=) & 1(x) =g ().

K 76 TOAN - TRUGNG THPT PHAM PHU THU



4 sO TAY KIEN THUC TOAN 12
2. Phwong trinh logarit
Voi a>0,a#1 thi: logaf(x):b<:>f(x):ab.
f(x)>0 hoacg(x)>0
lo x)=lo X))
./ (x)=Tog,(x) {f(x):g(x)

3. Bat phuong trinh mii

V&i a>0,a#1 thi:

a) Xét bat phwong trinh: o’ > b .

e Néu h<0, tap nghiém cla bat phwong trinh |3 tp xdc dinh cla f(x);
e Né&u b>0,a>1 thibat phuong trinh dua vé: f(x)>log,b;

e Né&u b>0,0<a<1 thibat phuong trinh dua vé: f(x)<log,b.

b) Xét bat phuwrong trinh: o’ > ¢4,

o N&u a>1 thi bt phuong trinh dua vé: f(x)> g (x);

e Né&u 0<a<1 thibat phuong trinh dua vé: f(x)<g(x).

e Cdc bét phuong trinh mii khdc ctng logi duoc gidi turong tu.

4. Bat phwong trinh lgarit

V@i a>0,a#1 thi:

a) Xét bdt phwong trinh: log, [ (x)>b.

e NEu a>1 thibat phuong trinh duwa vé: f(x) >a’;

e NEu O<a<]1 thi bat phuong trinh dua vé: 0<f(x)<ab.
b) Xét bdt phuong trinh: log, [ (x)>log,g (x).

e N&u a>1 thi bt phuwong trinh dua vé: f(x)>g(x)>0;

e Né&u 0<a<] thibat phuong trinh dua vé: 0< f(x)<g(x).

e (Cdc bét phuwong trinh I6garit khdc cting loai dwoc gidi twong tu.

4 TO TOAN - TRUGSNG THPT PHAM PHU THU (g



- TAI LIEU ON THI TN THPT 2025 -
CHU DE 2. CAP SO CONG VA CAP S6 NHAN

I. CAP SO CONG
1. Pinh nghia

Déy s6 (u, ) la cdp s6 cong néu véi n>2,d 1as6 khong déi.
S6 d goila cdng sai clia cap s cong, v0'| n>2,

Néu d =0 thi cap s6 cdng la mot day sb khong déi.
2. S hang tong quat
Cap s6 cong (u,, ) vois6 hang dau u, vacongsai d co:|u, =u, +(n—1)d yvoi n>2.

Chu y: Basé a,b,c theo thi tu l4p thanh CSC < a+c=2b.

3. Tong n sé hang dau
Cho c8p s6 cong (u,, ) c6 s6 hang dau u, va congsai d .

bat S, =u, +u, +...+u,,taco:

5 = (u, +2un)n hosc]s, = [Zu1 +(712—1)d]n

Il. CAP SO NHAN
1. Dinh nghia

Day s6 (u, ) la cdp s6 nhan néu vé‘i n>2,q lasékhéng déi.

S8 g goi la cdng bdi cla cip s6 nhan.

Né&u u, #0 véimoi ne N thit|g=—" v&i n>2.
u

n—1

Néu g =1 thi cdp s6 nhan la mét ddy s6 khéng déi.

2. S hang tong quat

Cap s8 nhan (u, ) véis6 hang dau u, va cong bdi g cé:|u, =u, -¢"" V&I n>2.

Chiiy: Basd a,b,c theo thi ty 1ap thanh CSN < a.c =b*.

3. Tong n s6 hang dau
Cho c8p s6 nhan (u, ) c6 s6 hang dau u, va cong bdi ¢(g#1).

. i U (1_qn)
bat S, =u, +u, +...+u,,taco:|S, =
—4q
Céip s6 nhén i v han: S =u, +u, +...+u, +..= lim S, = 1”1 véi |g|<1.
2 - ~ » - /"*"~\\
K 16 TOAN - TRUGNG THPT PHAM PHU THU (10 )



K sO TAY KIEN THUC TOAN 12 p
CHU PE 3. PAO HAM VA KHAO SAT HAM SO
I. PAO HAM
1. Pinh nghia
Cho ham s y = f(x) xac dinh trén khoang (a;b) va diém x, €(a;b). Néu ton tai

gidi han hitu han an

X—>Xqy X — xO

thi gigi han dé dugc goi la dao ham cia ham
s8 y=f(x) tai x, va dugckihiéula f'(x,) hodc y'(x,).

)= () tim 2 =S (30)

X—>Xo X — xo

b) Y nghia vat li cia dao ham

Dao ham xuat hién trong nhiéu khai niém vat li. Chang han: Xét chuyén dong thang
xac dinh b&i phuong trinh s =5 (), voi s =s(¢) la mét ham s6 c6 dao ham. Van téc
tirc th&i cda chuyén dong tai thoi diém ¢, la dao ham cla ham s6 s = s(¢) tai t,:

v(ty)=5"(1y)}

c) Y nghia hinh hoc clia dao ham

e Hé s8 gbc clia ti€p tuyén cla dd thi ham s6 y = f(x) tai diém M, (xo;f(xo )) la:
k= f'(xo ) .
o Phuong trinh tiép tuyén clia 0o thi ham s& y = £ (x) tai diém M (x,; /(x,)) la:

y=f'(x0).(x—xo)+f(xo).

d) Pao ham ctia ham hop
NEu ham s8 u = g (x) c6 dao ham tai x 1a u, vahams8 y= f(u) c6 dao ham tai

u la y) thiham hop yzf(g(x)) c6 dao ham tai x la

! ! !

yx :yu ‘ux :

e) Pao ham cia mot sé6 ham sé

Pao ham clia ham sé so' cap | Pao ham cta ham hgp
co ban thwong gap (& day u=u(x))

I 7O TOAN - TRUGNG THPT PHAM PHU THU <«
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!

(xn) zn.xn—l

!

(un) :n.un—l .ur

(LJ’ L
X x2

1w
u u2

1
(&)—2&

,ou
(JE)—N;

(sinx)' = cosx

(sinu)' =u'- cosu

(cosx)' = —sinx (cosu)' =—u'-sinu
(tanx)' =— (tanu)' = —
cos”x cos“u
’ 1 ’ u'
(cotx)'=—— (cotu)'=———
sin”x sin“u
(eX) — eX (ell ) — uV ell
(ax) =a"Ina (a“) =u'-a"lna
1 A
(Inx) =— (Inu) =%
X u
(1ogax)’ = ! (1ogau)’ = u’
xlna ulna

g) Dao ham cua téng, hiéu, tich, thuong
Gidstr f = f(x),g =g(x) lacicham s6 c6 dao ham tai diém x thudc khoang xac dinh.
Ta co: (f+e)'=1"+g"; (f-&'=r-g"

(fe)'=rg+fe"; [é] =fgg+fg(g=g(x)¢0)-

Hé qua: Cho f = f(x) la ham s8 c6 dao ham tai diém x thugc khoang xac dinh.

*N&u ¢ lamdthangsdthi: (¢f) =cf". -[%) :_]]:_2, (f=r(x)=0).
2 A o o A TN
K 70 TOAN - TRUGNG THPT PHAM PHU THU (12 )
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4 sO TAY KIEN THUC TOAN 12 )

I. TINH PO'N PIEU CUA HAM SO

1. Dinh li

Cho ham s8 y = f(x) c6 dao ham trén tdp K R, trong d6 K la mot khoang,
doan hodc nira khodng. Néu f'(x)>0 (hodc f'(x)<0 )véimoi x thuéc K va

/'(x)="0|chi tai mét s8 hitu han diém|cia K thi hams3 £ (x) dong bién (hoic

nghich bién) trén K .

f(z1) =
f(z2) —)—7/ Fa2) A\
fz1) |= :

0] T o T 0]

Ham ddng bién trén K Ham nghich bién trén K
f'(x)=0vxeK S'(x)<0vxeK

d6 thi 1a mot "dudng di 1én” do thi 1a mot "dudng di xudng’

2. Cac burérc tim khoang déng bién, nghich bién ctia ham s8 f(x)

Budc 1. Tim tap xac dinh clia ham s8 y = f (x).

Budc 2. Tinh dao ham f'(x). Tim céc diém x, (i=1,2,...,n) ma tai d6 ham s6 c6
dao ham bang 0 hoic khong ton tai.

Bwdrc 3. Sap x&p cac diém x, theo thir tu tdng dan va 1ap bang bién thién.

Budc 4. Can clr vao bang bién thién, néu két luan vé cac khoang déng bién, nghich
bién cla ham sé.

I 7O TOAN - TRUGNG THPT PHAM PHU THU (13

Chu y: Ta cling c6 thé nhan biét tinh don diéu clia ham s bang cach quan sat hinh
déng cla d6 thj ham sé dé:

e Khoang dilén (ham s6 dong bién trén khodng dé);

e Khodng di xuéng (ham sd nghich bién trén khodng dé).

INl. DIEM CYU'C TR, GIA TRI CU'C TRl CUA HAM SO

1. Pinh nghia
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Cho ham s8 y=f(x) lién tuc trén tap

K cR, trong d6 K la mot khoang, doan

hodc nira khoangva x, e K,x, €K .

e x, duoc goi la mot diém cyc dai cla
ham sd d3 cho néu tén tai mét khodng

7 o et & H -
: Gia tri cuc dai (cue dai)

cuia ham s

Yes)

BPiém curc tiéu
cua ham sé

, e Diém cuc dai v
(a;b) chiradiém x, saocho (a;b)c K " | o |z
cua hanysd € ! L ( L)
va f(x)<f(x0) véi moi xe(a;b) va Lm N \i/ =
o ! e
! | Ao )
X#X,. Y, o W e )
0 Gia trj cyrc tieu T ‘.\3{}\ “
Khi do, f(xo) duoc goi la gia tri cwc dai (curc tiéu) 7 = L
R . A AN cua ham s6 X ) ,\6
cua ham s6 da cho, ki hiéu la f.p NG
~

e x, duoc goi la mot diém cwe ti€u cla ham s6 da cho néu ton tai mdt khoang
(¢;d) chira diém x, sao cho (c;d) = K va f(x)> f(x) véimoi xe(c;d) va

X# X

Khido, f(x,) duoc goila gia tri cwe ti€u cia ham s6 da cho, ki hiéu la £, .

e Diém cyc dai va diém cyc tiéu dugc goi chung 1a di€m cuec tri. Gia tri cuc dai va
gid tri cuc tiéu dwoc goi chung 13 gid tri cwe tri (hay cwe tri).

Chi y: Néu x, 1a mot diém cyc tri cla ham s6 y = £ (x) thi diém M (x,; /(x)))

duoc goi la diém cyc tri cia ¢ thi ham s6 y = f(x).

b) Dau hiéu nhan biét cuc trj cia ham s6 bang dao ham

Gid st ham s8 f'(x) lién tuc trén khoang (a;b) chira diém x, va cé dao ham trén

cac khodng (a;x,) va (x,;0). Khi dé

Néu f'(x)<0 véi moi xe(a;x,) va
£'(x)>0 véi moi xe(x,;b) thi ham

6 f(x) datcyctiéu tai diém x,.

Néu f'(x)>0 véi moi xe(a;x,) va
f'(x)<0 v&i moi xe(x,;b) thi ham s6

£ (x) dat cyc dai tai diém x, .

X | a Xq b
£'(x) - :
f(x) \ f(x,) /
(cuc tiéu)

X a X, b
f'(x) + r
f(xo)
f(x) (cuc dai)
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c) Cac Bwdc dé tim diém cyc tri ciia ham sé f(x)

Budc 1. Tim tap xac dinh clia ham s§ f'(x).
Budrc 2. Tinh dao ham f'(x). Tim cac diém x, (i=1,2,...,n) ma tai d6 ham s6 c6
dao ham bang 0 hodc khéng ton tai.

Budrc 3. S3p x&p cac diém x, theo thit tu ting dan va 1ap bang bién thién.

Budc 4. Can clr vao bang bién thién, néu két luan vé cac diém cuec tri cia ham sé.

IV. GIA TRI LON NHAT VA GIA TR| NHO NHAT CUA HAM SO

1. Dinh nghia

Chohams8 y = f(x) xac dinh trén tép D.

e S8 M duoc goi la giad tri 16n nhat cla ham s6 y=f(x) trén D, ki hiéu
Mzmgxf(x), néu f(x)<M v&i moi xeD va tén tai x, €D sao cho
f(xo)zM.

e S8 m dugc goi la gia tri nhé nhét cia ham s6 y=f(x) trén D, ki hiéu
mzrrgnf(x), néu f(x)=m v&i moi xeD va ton tai x, €D sao cho
f(x)=m.

2. Cach tim gia tri I6'n nhat, gia tri nhé nhat cia ham s6 bang dao ham

Gia srhams8 f(x) lién tuc trén doan [a;b] va c6 dao ham trén khoang (a;b), c6

thé trir mot s6 hitu han diém. Néu f'(x)=0 chi tai m6t s6 hitu han diém thuéc

khoang (a;b) thi ta c6 quy tac tim gia tri I6n nhat va gia tri nhd nhat cta ham s6

f(x) trén doan [a;b] nhu sau:

Budc 1. Tim cac diém x,,x,,...,x, thudc khoang (a;b) ma tai d6 ham s6 c6 dao
ham bang 0 hodc khdng ton tai.

Bwdc 2. Tinh f(xl),f(xz),...,f(xn),f(a) va f(b).

Bwdc 3. So sanh céc gia trj tim dugc & Budc 2.

$6Ié'n nhdt trong cac gia tri d6 Ia gid tri Ién nhét cla ham s& f(x) trén doan [a;b]
, 56 nhé nh@t trong cac gia tri d6 la gid tri nhé nhét chia ham s6 f(x) trén doan
[a;b].
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V. DPUONG TIEM CAN CUA DO THI HAM SO
a) Puwong tiém can ngang
Puong thang y =m dwoc goi la dwdng tiém can ngang (hay tiém can ngang) cta do

thi ham s6 y = f(x) néu:
lim f(x) =m hoac lim f(x) =

X—>—0 X—>+00

e A T \

m Yy =m

(@] T o) T

b) Pwong tiém can dirng
Puong thang x =x, duoc goi la duong tiém can ding (hay tiém can ding) cla d6

thi ham s6 y = f(x) néu it nhat mot trong cac diéu kién sau dugc thoa man:

lim f(x)=+e0; lim f(x)==0; lim f(x)=+c0; lim f (x)=—cc.

x—xy

c) Buong tiém can xién

Dudngthang y = ax + b(a #0) dugc goila dudng tiém cén xién (hay tiém can xién)
cta d6 thi ham s6 y = f'(x) néu:

lim [f (ax + b)] =0 hoac xlir}lm[f(x) - (ax + b)] =0.

x—>+00

Ta xac dinh hé sé a va b cua tiém can xién cé phuong trinh y=ax+b trong 2
truong hop sau:

1. Tinh a= lim —— f( ) , b= hm[f(x)—ax].

X—>+0

2. Tinh @ = lim ~——~* f() b= lim|[ f(x)—ax].

X—>-%0

16

N
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VI. SO DO KHAO SAT HAM SO

Buérc 1. Tim tap xac dinh cia ham sé.
Bwdrc 2. Xét sy bién thién ciia ham sé

e Tim céc gidi han tai vd cwc, gidi han vo cuc va tim cac dudng tiém can cla do thi
(néu co).

e Lap bang bién thién cla ham s8, bao gdbm: Tinh dao ham cla ham s8, xét dau
dao ham, xét chiéu bién thién va tim cyc tri cia ham s6 (néu cd), dién cac két
qua vao bang.

Buéc 3. V& d6 thi ham sé
e V& cdc dudng tiém can (néu cd).

e Xac dinh cac diém dac biét cha do thi: cuc tri, giao diém cta d6 thi vdi cac truc
toa do (trong trwong hop don gian), ...

e Nhan xét vé dic diém cla do thi: chi ra tdm d&i xirng, truc ddi xirng (néu cd).

K T6 TOAN — TRUSGNG THPT PHAM PHU THU (17 )
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CHU BE 4. NGUYEN HAM VA TiCH PHAN

I. NGUYEN HAM

1. binh nghia

Cho K 13 mét khoang, doan hodc nira khodng clia tap s6 thuc R.

e Chohamsd f(x) xécdinhtrén K .Hams8 F(x) dwgcgoila nguyén ham cia
hamsé /(x) trén K néu F'(x)=f(x) véimoi x thudc K .

e Néu F(x) la mdt nguyén ham chia ham s8 /' (x) trén K thi moinguyén ham

ctahamsé f(x) trén K déucéddang F(x)+C véi C la mét hang s6. Vi véy:

j f(x)dx=
e Moiham sd lién tuctrén K déu cé nguyén ham trén K . Ta cé:
J.F + C.

2. Tinh chat

Cho f(x),g(x) la hai ham s6 lién tuctrén K .
f’?f(X)dX=k-ff(x)dx v6i k 13 hing s6 khac 0 ;
([ (x)+ g (x)]dr=[ £ (x)dc+ [ g (x) dx
JLr(0) =g ()]de=[ £ (v)dr = [ g (x)d

Nguyén ham mét s6 ham s so’ cap co ban

a+l 1
. _[x“dxzx +C véi a#-1 ° I—dx=1n|x|+C
a+1 X
) 1
o J'smxdxz—costrC o J.'z dx=—cotx + C
sin“x
. 1
. jcosxdxzsmerC . J. > dx=tanx+ C
cos”x
. Iaxdxza +C véia>0,a#1.
Ina
Il. TICH PHAN
1. Pinh nghia

Cho f(x) lahamsé&liéntuctrén [a;b].Gid st F(x) lamdt nguyén hamclia f (x)
b

trén doan [a;b]. Khido [ f(x)dx=F (b)-F(a).

/

\_
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2. Tinh chat

Cho cacham s8 y = f(x),y = g(x) lién tuc trén doan [a;b]. Ta c6:

,[kf )dx= kJ.f )dx ( & 1a hing s8).
[+ g(x)]dr=] f(x)de+ [ g(x)dr.
L) (e)ax=] s ()ax- [ g (x)a

Gia st m,n,c 1aba s thuc tuy y thudc doan [a;b], ta co:

[ r()de+ [ f(x)de=]" 7 (x)dr
3. Ung dung
» Cho ham s8 y=f(x) lién tuc trén doan
[a;b]. Khi d6, dién tich S cta hinh phang gidi
han bdi d6 thi ham s6 y = f'(x), truc hoanh
va hai duong thang x=a,x=5b la:

§=[/(x)dv

» Cho cac ham s6 y = f(x),y=g(x) lién tuc
trén doan [a;b]. Khi d6, dién tich hinh phang
giéi han boi d6 thi cia céc ham sé
y=f(x),y=g(x) va hai dudng thang

x=a,x=>b la:

= C3t mot vat thé bdi hai mat phang vudng géc véi truc Ox tai x=a va x=b.
(a <b). M6t mat phang tuy y vudng géc véi Ox tai diém x (a <x<b) citvat thé

d6 theo hinh phang c6 dién tich la S(x). Gia sit ham s S(x) lién tuc trén [a;b].

4 TO TOAN — TRUSNG THPT PHAM PHU THU (];\)
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— L

(@]

X

Khi d6, thé tich V' cta phan vat thé gidi han béi hai mét phang trén dwoc tinh bdi
cOng thurc:

* Cho ham s8 y=f(x) lién tuc, khéng &m trén
doan [a;b]. Hinh phang (H) gi¢i han bdi do thi
ham s6 y = f'(x), truc hoanh va hai dudng thang

x=a,x=>b quay quanh truc Ox tao thanh mot
khéi tron xoay cé thé tich bang:

Vzﬁ'f;[f(x)]z dx.
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CHU PE 5. HINH HOC KHONG GIAN
I. QUAN HE VUONG GOC TRONG KHONG GIAN
1. Hai dworng thang vudng goc
Hai dwong thang a va b duoc goi 1a vudng géc véi nhau néu géc gitta ching bang
90°, ki hiéu a Lb.

2. Dwong thang vudng goéc véi mit phang

a) binh nghia

Puong thang d duoc goi la vudng géc véi mat d
phdng («) néu dudng thang d vudng géc véi

moi dwong thang trong mat phang (a), ki la

hiéu d L (r) hodc () Ld . @) i %

b) Déu hiéu nhén biét

NEu mét dudng thing vudng goéc véi hai dwong thang cit nhau cung thuéc mot

mat phang thi né vudng géc vdi mat phang ay.

¢) Tinh chét

e C6 duy nhat mot mat phang di qua mot diém cho trudc va vudng géc véi mot
duwong thang cho trude.

e C6 duy nhat mot duong thang di qua madt diém cho trudce va vudng géc véi mot
mat phang cho trudc

e Cho hai duwdng thang song song. Mot mit phang vudng géc véi duwong thang nay
thi cling vudng géc vdi dudng thang kia.

e Hai dwong thang phan biét cing vudng géc véi mot mit phang thi song song vdi
nhau.

e Cho hai mit phang song song. M&t duwong thang vudng géc véi mat phang nay
thi cling vudng géc véi mat phang kia.

e Hai mat phang phan biét cung vudng géc véi mot duong thang thi song song vdi
nhau.

a

d) Pinh li ba dwd'ng vuéng goc B—

Cho duong thang a khong vudng géc véi mit —

phang (P) va dudngthang b ndm trong mat

phang (P) . Khido6, b vudng gécvéi a khiva

chi khi b vudng géc véi hinh chiéu vudng géc A 2 e

a' cla a trén (P). 4 a
)
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3. Hai mit phang vudng goc

a) Binh nghia

Hai mit phang (P),(Q) cat nhau tao nén b8n géc nhj dién. Néu mot trong cac goc

nhi dién d6 la goc nhj dién vudng thi hai mat phang (P),(Q) goi la vudng géc voi

nhau, ki hiéu (P) L(Q).

b) Déu hiéu nhén biét

N&u mit phang nay chira mét dweng thang ma duwong thang dé vudng goc véi

mat phang kia thi hai mat phang dé vudng géc véi nhau.

¢) Tinh chdt

e N&u hai mat phang vudng géc vdi nhau thi bat cir dwong thang nao nam trong
mat phang nay va vudng géc véi giao tuyén (cta 2 mdt phdng) cling vudng géc
véi mat phang con lai.

e N&u hai mit phang cat nhau va cung vudng géc véi mit phang tht ba thi giao
tuyén clia chiing vudng géc véi mit phang thit ba dé.

Il. GOC TRONG KHONG GIAN

1. Goc gitra hai dwong thang trong khong gian

Géc gitra hai duong thang a va b trong khong gian 13

goc gitta hai duong thang ¢’ va b’ cung di qua mot /

diém O va lan lvot song song (hodc trung) véi a va b

— ’

, ki hiéu (a,b) hodc (a,b). b

Nhén xét: Géc gitra hai dwdng thang trong khong gian ~0

c6 s6 do tir 0° dén 90°.

2. Goc gitra dworng thang va mit phang

Cho dudng thang d va mit phang (P), ta c6 dinh nghia sau:

e Né&u duongthiang d vudng géc véi mat phang
(P) thigéc giita d va (P) bang 90°.

e Né&u duong thdng d khong vudng géc véi mét
phang (P) thi goc giita dudng thang d va
mét phang (P) la goc gitta d va hinh chiéu

d' cla duwong thang d trén (P), ki hiéu
(4.(P)).

Nhdn xét: Goc gitra dwdng thang va mét phang c6 s6 do tir 0° dén 90°.
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3. Goc nhi dién
G6c nhj dién la hinh gom hai nlra mat phang cé

chung bo; ki hiéu [P,A,Q] hodc [M,A,N], trong /\

d6 (P),(Q) la hai nira mat phang c6 chung bo la /7\
duong thang A va M, N la cac diém lan luot a
thugc hai nira mit phang (P),(Q). Budng thang Mo N

A goila canh clia gc nhij dién, mdi nlra mat phang V\\Q
(P).(Q) goi la mdt mat ctia gbe nhi dién.

Cho goc nhi dién. M6t géc co dinh thudc canh clia géc nhi dién, hai canh ca géc dé
[an lwot thudc hai mat nhi dién va cling vudng gdéc vdi canh cla géc nhj dién, duworc

goi 13 géc phang nhj dién cta goc nhij dién d3 cho.
S6 do clia mdt géc phang nhj dién dwoc goi la sd do cia goc nhj dién dé.

Né&u s& do géc phang nhi dién bang 90° thi géc nhj dién dé goi 1a géc nhi dién vudng.
Nhén xét: G6c nhij dién c6 sd do tir 0° dén 180°.

Il. KHOANG CACH TRONG KHONG GIAN

1. Khoadng cach tir mot diém dén mot dwong thang

Khoadng cach tir diém M dén dudng thang A |a khodng cach tir diém M dén hinh
chiuvuéng géc H clia M trén A, kihiéu d(M,A).

2. Khoang cach tir mot diém dén mot méit phang

Khoang céch tir diém M dén mit phang (P) la khoang cach tir diém M dén hinh
chiéu vuéng géc H cla M trén (P), ki hiéu d(M,(P)).

3. Khoang cach giira hai dudng thang song song

Khoang céch gitta hai dwong thang song song A va A’ 1a khodng céch tir mot diém
bat ki thudc dudng thang nay dén dudng thang kia, ki hiéu d (A,A").

4. Khoang cach giira dwong thang va mit phang song song

Cho dudng thdng A song song v&i mit phang (P) . Khoadng cach gilta dwdng thang
A vamit phang (P) Ia khoang cach tir mot diém bat ki thudc duong thang A dén
mat phang (P), ki higu d (A,(P)).

5. Khoang cach gitra hai mit phing song song

Khoang cach gitta hai m3t phang song song (P) va (Q) la khoang cach tir mot diém
bat ki thudc mit phéng nay dén mat phing kia, ki hiéu d((P).(0Q)).
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6. Khoang cach giira hai dwong thang chéo nhau
Cho hai dudng thang a,b chéo nhau.

vira cat ca hai dwong thang a, b, goi la dwong vudng

M
= C6 va chi c6 mét duorng thang ¢ vira vuéng goc, /j/
a

géc chung clia hai dwong thang do.

= Doan thang cé hai dau mut |a giao diém cla duong

-

thang ¢ véi hai duong thang a,b goi la doan vudng
goc chung cla hai dudng thang do.

N

= DO dai doan vudng géc chung clia hai dwong thang a,b goi la khoang céch gitra

hai duong thing do, ki hiéu d (a,b).
Nhén xét

* Goi (P) la mit phang chira b va song song véi

a, hinh chiéu cta a trén (P) la a', giao diém

cla a' va b 1a K, hinhchiéucla K trén a la

H .Khidé HK la doan vudng goc chung cla a / '
va b.Ngoaira, d(a,b) =HK = d(a,(P)).

= Trong trudng hop dac biét a L b, tacdthé xac a
dinh nhu sau: Goi (P) la m&t phang chira b va J

vudng goc vai a , giao diémclia a va (P) 1a H

, hinh chi€u cia H trén b 1a K . Khi do, HK

la doan vudng géc chungcta a va b.
IV. THE TiCH COA MOT SO KHOI DA DIEN

e Cong thirc tinh thé tich clia khdi lang try: |V = Sh|.

Trong dé V., S,k lan luot 1a thé tich, dién tich day, chiéu cao cla khdi lang tru.

e Cong thirc tinh thé tich cha khdi chép: |V = %Sh .

Trong d6 V., S, lan luot 1a thé tich, dién tich day, chiéu cao cla khdi chép.

e Cong thirc tinh thé tich ctia khéi chép cyt déu: V:%h(sl+ 8,5, +8, )

Trong d6 V,h,S,,S, lan luot la thé tich, chiéu cao, dién tich hai day cla khéi

chép cut déu.
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CHU BE 6. VECTO VA PHUGNG PHAP TOA PO TRONG
KHONG GIAN
I. VECTO'

1. Vecto' va cac phép toan vecto’

a) Cdc khai niém

Vecto la mot doan thang c6 hwéng.

Gia cla vecto |a dudng thang di qua hai dau mut cla vecto; do dai clia vecto 13

khoang cach gitra hai dau mut cla vecto; hai vecto’ cuing phwong néu gia cla ching

song song hodc trung nhau; hai vecto’ bang nhau néu ching cung hudng va cling

d6 dai; vecto-khdng (ki hiéu 0) 13 vecto ¢ diém dau va diém cudi trung nhau; hai

vecto ddi nhau néu ching nguoc hudng va clung d6 dai.

b) Cdc phép todn vecto’ trong khdong gian

Téng va hiéu cta hai vecto

Cho hai vecto G,b . LAy mot diém A4 tuyy, vé .

AB = a, BC=bh. ~ L

e Vecto AC duoc goi la téng cla hai vecto
dvab,kihidula AC=a+b.

e Hiéu cla vecto d va vecto b la téng cla

ia—+h

vecto d va vecto d8i clia vecto b, ki hiéu

laa-b. b
Chuy
e N&u ABCD la hinh binh hanh thi 4B + AD = AC (Quy tdc hinh binh hanh).
e NEu ABCD- A'B'C'D' lahinh hdpthi 4B + AD + A4’ = AC’ (Quy téc hinh hép).
e V0iba diém O, 4, B trong khéng gian, ta c6: O4 — OB = BA (Quy tdc hiéu).
Tich cda mét sé véi mét vecto
Cho s& thue k#0 va vecto G = 0. Tich clia s6 k vdivecto a 1a mét vecto, ki hiéu
Ia ka , dwoc xac dinh nhu sau:

e Hwéng: Cung huwéng vdi a néu k > 0, nguoc hudng véi a néu k <0;
e D dai: C6 do dai bing k|. |al.

Chay

e Tacé ka =0 khiva chikhi k=0 hodc a=0.
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e Vi haivecto bat ki G@,b va haisé thuc &,k , ta co:

e(d+b)= ki +kb; k(@—b)=ki—kb;  (h+k)d=ha+ka;
h(k&)z(hk)[z; la = a; (—1)5:—5.

e Hai vecto é,l; khac 0 1a ciing phwong khi va chi khi c6 mot s6 thuc k=0 sao
cho G =kb.

e N&u / 1a trung diém ctia doan thing AB thi IA+ IB=0.

e Né&u G |a trong tédm cla tam giac ABC thi GA+ GB + GC =0.

e Djéu kién can va du dé ba diém A, B,C thdng hang 1 cé s thue k #0 sao cho
AB=kAC .

Tich vé hwéng cta hai vecto

Cho hai vecto d,b khac 0. Tich vé hwéng cla haivecto d va b, ki hiéu a.b, 1a

mét sd thuwc duwoc xac dinh bdi cong thirc:

ab =‘5|.|1;‘-cos(5,1;)

2

0 dé (Zz',l;) la géc gitra hai vecto @, b .
Chi y: V&i cac vecto bat ki a,b,¢ va sb thye k tuyy, ta co:
e G-b=b-a; d-(b+¢)=d-b+a-c;
- - h -2
(ka)-b=k(a-b)=a-(kb); @* >0 trongdé > =a-d=|d| .
e Ngodira: a°=0<a=0.
Il. PHUO'NG PHAP TOA PQ TRONG KHONG GIAN
Xét khéng gian vai hé truc toa do Oxyz .
1. Toa d6 cha vecto
O—Mz(a;b;c)c>M(a;b;c).
Toa d6 clia mdt vecto 4 14 toa d6 clia diém A, trong d6 A 1a diém sao cho O4 =ii.
Néu ii = (a;bsc) thi ii =ai +bj +ck .
Nguoc lai, néu i =ai +bj +ck thi i =(a;b;c).
X, =X,
V&i Zz:(xl;yl;zl) va I;:(xz;yz;zz),ta c6: a=b< V=Y, .

Z1 =2,
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Cho hai diém A(x,;y,;2,) va B(xy;y,:2,) . Khido, ta co:
AB:(XB X4 Vg~ VarZp _ZA)'
2. Biéu thirc toa dd clia cac phép toan vecto
Cho haivecto i =(x;;y;52,) va v =(x,3 1,2, ) . Khi d6:
° 17+\7=(x1 + X5 + 1,57 +zz);

<)

—V=(x —x 0 - ysn - 5);
o mii =(mx;;my;;mz) ) V&i meR;
® UV=XX,+ WV, T2y

oAy,

b
Y2 4

T\ B LY T

X, W

b

z(ylZZ W25 X 2%, _x2y1)~
Z, X

Chi y
e Haivecto ii=(x;;y:7),V =(x2;y2;zz)(17 # 6) cung phwong khi va chi khi c6
X, =mx,
mét s6 thyc m sao cho u =m.y < Yy =my, .

z, =mz,
e Néu d=(x;y;z) thi |Zz|:«/5.gl: /2 4t
o Néu A(x,;y,52,) va B(xz;yp:2;5) thi

ABz‘ﬁ?‘:\/(xB —xA)2 +(yB —yA)2 +(zB —ZA)Z.

e Véihaivecto i =(x; )32 ) va v =(x,;,;2,) khdcvecto 0, ta co:

bV XX, + WV, +2,2,

B et R etes

e Cho hai diém A(x,;y,:2,) va B(xz;vp;25). Néu M (x,,59),:2,, ) 12 trung
diém doan thang AB thi:

_ Xyt Xp VatYe .. _Z4tZp
T A T A T

cos (i, V)

e Chotam giac ABC c6 A(x,;y,:2,),B(x5;5525),C(xXc3vc32¢)
NEu G (xg;y4;2¢ ) la trong tdm tam giac ABC thi
xA+xB+xC yA+yB+yC ZA+ZB+ZC
:—;yG :—;ZG =
3 3 3
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3. Phuong trinh mit phang

a) Vecto’ phdp tuyén va cdp vecto’ chi phwong ctia mét phdng

e Né&uvecto 7 khac 0 va cé gid vudng gbc véi mit phang (P) thi 7 duoc goi la
vecto phap tuyén cia mat phang (P).

e Haivecto khéng cling phuong co gid song song hoc thugc mat phang (P) duoc
g0i la cép vecto chi phwong cia mat phang (P).
Chd y: Néu hai vecto d =(a;;a,;a, ),E =(by;b,3by) 1a cip vecto chi phuong clia
mét phang (P) thi 7i =[Ez’,5] la mot vecto phap tuyén clia mit phang (P).

b) Phwong trinh mét phdng

Mat phang (P) di qua diém 7(x,;,52,) va nhan 71=(a;b;c) lam vecto phap
tuyén cé phwong trinh téng quat 1a:

‘ax+by+cz+d=0‘vdi d=—ax, —by, —cz, .

Mét phang di qua ba diém A4(a;0;0),B(0;5;0),C(0;0;c) voi abc#0 c6 phwong

trinh chinh tic 1a: | =+ 2 + 2 =1|.

a b ¢

c) biéu kién song song va vuéng géc cia hai mét phdng

Cho hai mat phang (B ),(P,) fan lugt c6 phuwong trinh téng quat la:
Ax+By+Cz+D =0,4,x+B,y+C,z+ D, =0.

Goi 7, =(4;B;C, ), 7, =(4y;B,5C, ) 1an luot |a vecto phép tuyén cla hai mét

phéng (B),(P).

fi, = ki,

D, #kD,

e (R)L(P)e m Ln, & 44, +BB, +CC,=0.

e (B)//(P,)< Tontaiss thyc k#0 saocho{

d) Khodng cdch tir mét diém dén mét mét phdng
Khoang cach tir diém M, (xy;y52,) dén mit phang (P): Ax+By+Cz+D=0
(A2 +B*+C* > 0) duoc tinh theo cong thirc:

| Ax, + By, + Cz, + D|

()=
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4. Phwong trinh dwong thang
a) Vecto’ chi phwong ciia dworng thdng
NE&u vecto i khac 0 va cd gia song song hodc trung vdi dudmng thang A thi i dugc
goi 13 vecto’ chi phwong clia dudng thang A .
b) Phwong trinh dworng thdng
xX=x, +at
e Hé phuong trinh {y =y, +bt, trong d6 a,b,c khéng déng thoi bang 0, ¢ 13
z=z,+ct
tham s6, dugc goi 13 phwong trinh tham s& cla duong thing A di qua
M, (x93 1952, ) va c6 vecto chi phuong i =(a;b;c) .
 Dudng thang di qua diém M (x,;,:2,) va cb vecto chi phwong i =(a;b;c)
z—2z,

(véi abc %0 ) thi c6 phwrong trinh chinh tic la: ¢ =% ‘byo -
a c

e ) Vjtri twong déi ciia hai dworng thdng
Cho hai dudng thang phan biét A ,A, Ian lugt di qua cac diém M,, M, va tuong
trng c6 4, , i, la haivecto chi phuong. Khi d6, ta co:
[d,,ii,]=0

e AJ//IA & [Z,Mle];ta;

) [i,,ii,]+0
e ANctA o o
[dy,15, | .MM, =0
e A, va A, chéonhau @[ﬁl,ﬁz]-Mle #0.
5. Phurong trinh mat cau
e Phuong trinh clia mat cau tdm /(a;b;c) bankinh R la:
(x—a)* +(y—b)* +(z—c)* =R*.
e Phuong trinh x* + y* + 2% —2ax —2by —2cz +d =0 xac dinh mdt mét cau khi
vachikhi > +b* +¢* —d >0.
Ngoai ra, néu a” + b* + ¢* —d >0 thi phuong trinh d6 xac dinh mat cau tam
I(a;b;c) va ban kinh R=Aa*+b* +¢* —d.
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6. Goc

a) Césin caa géc giira hai dworng thdng

Cho hai duding thang A, va A, c6 vecto chi phwong lan luot 13 i, =(a;b;5¢)),
iy =(ay;by5¢, ). Khi d6, ta co:

|a1a2 +bb, + clc2|

2 2 '
\/al +b} +cf - \/a2+b +c;

cos(Al,A

Nhén xét: A, L A, < aja, +bb, +c,c, =0.

b) Sin ctia goc giira dworng thdng va mét phdng

Cho dudng thang A c6 vecto chi phuong i =(a;;by;¢;) va mit phing (P) co
vecto phap tuyén 7 =(a,;b,;c, ) . Khi d6, ta co:

a,a, +bb, +cc

o) oL 8 b

2 2, 2 2 .2 2
\/a1 +b +¢ -\/a2 +b5 +¢

c) Césin cta géc giira hai mdt phdng

Cho hai mit phang (B ) va (P,) c6 vecto phap tuyén lan luot 1a 7, =(4;;B;;C;),
i, =(4,;B,;C,) . Khi d6, ta co:

_ |44, + BB, + C,C,|

_\/Al2 +B’+C} \/Azz +B; +C; '

cos((R).(7))

30

N
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CHU PE 7. MOT SO YEU TO VE THONG KE
. CAC SO DAC TRUNG DO XU THE TRUNG TAM CHO MAU SO LIEU GHEP NHOM

1. S8 trung binh cdng (sé trung binh)
Cho m3u s6 liéu ghép nhém nhu & Nhém Gié t':' Tan s&
Bdng 1. dai dién
e Trung diém x, cla nira khoang [a,;a,) X, n,
(tinh bang trung binh céng cta hai
ddu mat) ng v&i nhdm i la gid tri [azé%) X, 1y
dai dién cta nhom dé.
e S& trung binh céng ciamausé liéu |[a,,;a,, +1) X, n,
ghép nhém, ki hiéu x, duoc tinh
theo céng thirc: n=n +n,+
SN Xyt b, | et n,
n
Bdng 1

Y nghia: S6 trung binh cong clia mau s6 liéu ghép nhém cé thé lam dai dién cho vi
tri trung tdm cta mau sé liéu d6 khi cdc sé liéu trong mau it sai léch vdi sé trung
binh céng.

2. Trung vi .
x , , , , - Tan so
Cho mau sd liéu ghép nhém nhu & Nhém Tan s6 tich Iiiy
Bdng 2.
Gia sirnhom & 1anhém dautiéncotan | [4392) n G =n
Ny ~ 1z u v n T
s6 tich luy I&n hon hodc bang 5 ticla [az;a3) n, ¢, =n +n,
n n .
¢,y <— nhung ¢, >—.Tagoi r,d,n,

2 2 c,=n +n
lan luot 1a dau mat trai, d6 dai, tansé | [a,:a,,,) n, moTh
) . Con s o« +...+n
cuanhoém k; ¢, , latansé tich luy cda m

nhém k—1. n
Bdéng 2

Trung vi cia mau s6 liéu ghép nhém, ki hiéu M, , dugc tinh theo céng thirc sau:

2 —
Mg:ﬂ(uj.d.quy,m, ¢, =0.
1

Y nghia: Trung vi cGia mau s6 liéu ¢ thé dung dé dai dién cho mau sé liéu dé.
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3. T phan vi
Cho mau s8 liéu ghép nhédm nhu & Bdng 2.

N - « Ly Mo
e Gias* nhém p la nhom dau tién cd tan so tich luy I&n hon hodc bang Z,tu‘c la

c

n n . N v . s A gyxs atn ~
_ <— nhung ¢, >—.Tagoi s,h,n, lan luot la dau mat trai, doé dai, tan so
-1 4 Py p

ctanhém p; ¢, latan sé tich luy cia nhém p—1.

n
Tir phén vj thir nhdt Q, dugc tinh theo cong thirc sau:|Q, = s + 4" )

e T phén vjthi hai Q, bangtrung vi M, .
, . , w A s am  x @ o) Ly 3m o,
e Gid st nhdm ¢ la nhdm dau tién cd tan so tich luy I&n hon hodc bang T' tirc
R 3n 3n . " - h . Y
la Cp <— nhung ¢ >—.Tagoi t,/,n, lan luvgt la dau muat trdi, do dai, tan
4 74 1

s6 cianhdm ¢g; ¢, latan so tich luy cia nhém g —1.

-1
T phédn vj thir ba O, dugc tinh theo cong thirc sau: |Q, =1 + Sy

Y nghia: T& phanvi Q,,0Q,,0Q; clia miu s6 liéu chia mau sé liéu d6 thanh ban phian,
moi phan chira 25% gia tri.

4. Mét

Cho mau s6 liéu ghép nhém nhu & Bdng 2.

Gid st nhdm i la nhdm ¢ tan s6 I6n nhat. Ta goi u, g, n; lan luot la dau mat trai,
d6 dai, tan sé cla nhém i;n, ,,n,,, 1an lugt la tan s6 cta nhém i—1, nhém 7 +1.

M&t cla mau sé liéu ghép nhém, ki hiéu M, , duoc tinh theo cdng thire sau:

n —n.._
M() =Uu + [I—IIJ g .
2n, —n_, —n,
i i-1 i+1

0.

Quy ugc: n, =0;n,,,, =
Y nghia: M6t ciia mau s6 liéu ghép nhém cé thé dung dé do xu thé trung tam cla
mau so liéu do.
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Il. CAC SO DAC TRUNG DO MU'C DO PHAN TAN CHO MAU SO LIEU GHEP NHOM

1. Khoang bién thién - —

Cho mau s6 liéu ghép nhém nhu & Béng 3, trong d6 n, Nhom Tan 50

va n,, lacacs6 nguyén duong. [a;a,) n,

Goi a,,a,,, lan lugt la dau mat trdi cia nhém 1, dau

mut phai clla nhém m. [a;4) n

Hiéu R=a,, —a, duoc goi la khodng bién thién cla

mau s6 liéu ghép nhém dé.

Y nghia [a,50,.,1) n,

e Khodng bién thién cua rr~1§u s liéu ghép nhém do »
murc dé phén tdn cho mau s6 liéu dé. Khodng bién

thién cang |&n thi mau sé liéu cang phan tan. Bdng 3

e DE& do mirc d6 phan tan, khodng bién thién 1a dai lwvgng dé hiéu, dé tinh toan.
Tuy nhién, do khoang bién thién chi si dung hai gia tri @, va a,,,, cla mau s
liéu nén dai lwong dé dé bj dnh hudng bédi cac gid tri bt thuwong.

2. Khoang ti phan vi

Cho mAu sé lieu ghép nhém nhu & Bdng 2.

Goi 0,,0,,0; latk phanvicua mau sd liéu d6. Ta goi hiéu Ap=0;-0 Ia khoang

t&r phan vi ctia mau s6 liéu dé.

Y nghia: Khodng tt phan vi cla mau sé liéu ghép nhém gitp xdc dinh cdc gid tri bt

thuo'ng clia mau dé. Khoang t& phan vi thuong duoc siv dung thay cho khodng bién

thién vi né loai trir hau hét gia tri bat thuwdng clia mau s6 liéu va né khéng bj anh

hwéng béi cdc gia tri bdt thweng dé.

3. Phwong sai va dd léch chuan ciia mau s liéu ghép nhém

Cho m3u s8 liéu ghép nhém nhu & Béng 1, x 13 s6 trung binh cdng clia mA3u s8 liéu dé.
) —\2 —\2

o nl(xl—x) +n2(x2—x) +...+nm(xm—x)

Phuong sai ctia mau s liéu: |s* =

n
C&n bac hai (s6 hoc) clia phuong sai dugc goi la do Iéch chuan clia mau s6 liéu ghép

nhom, ki hiéula s, nghiala s :\/s_z.
Y nghia

Phuong sai (d6 léch chudn) ctia mau s6 liéu ghép nhém duoc dung dé do mire dé
phén tdn clia mau s6 liéu ghép nhém dé. P léch chudn co ciing don vi vai dorn vi
cta mdu sé liéu.

Khi hai mdu sé liéu ghép nhém cé cling don vi do va c6 sé trung binh céng béng
nhau (ho3c xap xi nhau), mau s6 liéu nao cé dé léch chudn nhé hon thi mirc dé
phén tdn (so vé&i s6 trung binh cdng) clia cac s6 liéu trong mau dé sé thdp hon.
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CHU BE 8. MOT SO YEU TO VE XAC SUAT
. DAI SO TO HQP
1. Quy tac cong
Mét céng viéc dwgrc hoan thanh b&i mot trong hai hanh déng. Néu hanh déng thi
nhat cd m cach thyc hién, hanh ddng thi hai cé n cach thyc hién (cc cach thuc
hién cla ca hai hanh déng la khac nhau d6i mét) thi cong viéc d6 c6 m+n cach

hoan thanh.

Quy tac cong cé thé mé rong cho mot cdng viéc duoc hoan thanh bdi mot trong &
hanh dong (keN,k>2).

2. Quy tac nhan

Mét cong viéc dwoe hoan thanh béi hai hanh dong lién ti€p. Néu hanh dong thi
nhat cé m cach thuc hién va &ng véi mdi cach thuee hién hanh dong thi nhat, cé n
cach thyc hién hanh dong th& hai thi cong viéc dé ¢ m . n cach hoan thanh.

Quy tdc nhan cé thé mé rong cho mét cdng viec duwoc hoan thanh bédi £ hanh dong
lién ti€p (keN,k>2).

3. Hodn vi

Chotaphop A4 gom n phantlr (ne N"). Mdi két qué ctia su sdp xép thr tw n phian
tlr cha tap hop 4 duoc goi la mét hodn vi cla n phan tir d6.

Ki hiéu P, la s6 cdc hodn vj cda n phan ti. Ta c6: P, =n(n—-1)....2.1=n!.

4. Chinh hop

Cho tdp hgp A4 gdbm n phan tlr va mot s6 nguyén k véi 0<k <n.Mbi két qua clia
viéc Idy k phén tl tir n phén ti cGa tap hop A va sdp xép ching theo mét thir
tw nao dé dugc goi la mot chinh hop tap k clia 1 phan tir da cho. Ki hiéu A* 1356

n!

(n—k)!'

céc chinh hop chap k cla n phan tir. Ta co:| A% =n(n—1)...(n—k+1)=

5.T6 hop
Chotap hop A4 gdbm n phan tlrva mot s6 nguyén k véi 0<k <n.Mbi tdp con gém k
phén tir dwoc ldy ra tir n phantlrcda A dugc goila mottd hop chdp k cla n phantl

o . Af
dé. Ki hiéu Ci lasdt6 hopchap k cla n phantirvéi 0<k<n.Tacé: Cﬁ = k’; .
!
Quy udc: 0!=1,C° =1. Vi nhitng quy wdc do, ta cé: |Ch :ﬁ (0<k<n).
(n—Fk)!
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Il. XAC SUAT CUA BIEN cO

1. M6t sé khai niém

e Khéng gian mdu 13 tap hop tat cd cac két qua c6 thé xdy ra cla mot phép thir.
Bién c6 ngAu nhién (goi tat 1a bién c6) Ia mét tdp con cla khéng gian méu. Tap
rdng & 12 bién c6 khéng thé, Q la bién c6 chdc chén, A=Q\_A |2 bién c& déi
clabiénco 4.

e Xét phép thir chi cé mét s6 hitu han két qua co thé xay ra va kha nang xay ra cla
tirng k&t qua 1a gidng nhau. Goi Q 13 khong gian mau cta phép thir dé. Khi dé,
v&i mdi bién cd 4, ta cé dinh nghia ¢6 dién cla xac suat nhu sau: Xac suat cla
bién cd 4 la:

P(4)= n(4) L, &d6 n(A),n(Q) lan lugt la s6 phan tlr cha hai tép hop 4,Q.

2. Tinh chat chia xac suat

Xét phép thir T véi khong gian mau 1 Q. Khi d6, ta cé cac tinh chat sau:

e P(D)=0;P(Q)=1;

o 0<P(A4)<1 v&imoibiéncs 4;

e P(4)=1-P(4) véimoi bién c 4.

3. Bién ¢6 hop, bién cd giao. Hai bién cd xung khac, hai bién c6 doc lap

Cho hai bién ¢ 4 va B clung lién quan dén phép thir 7 va céc két qua cda T |a

dong kha nang. Khi dé A4, B 1a cac tap con cta khdng gian mau.

e Pat C=AUB.Khidd C la mdt bién cé va dugce goi la bién cé hop clia hai bién
cd A va B,kihiéuld AUB.

e Dit D=AN B .Khidé D 1a mét bién cé va dwoc goi |a bién ¢é giao clia hai bién

c6 A va B,kihiéuld AN B hay 4B.
e Néu ANB=( thi 4 va B goi la hai bién cé xung khdc. Khi d6: P(A4 N B)=0.

e Hai bién c6 4 va B dugc goi la doc 1ap néu viéc xdy ra hay khdng xay ra cua
bién ¢8 nay khdng Iam anh huorng dén xac suat xady ra cla bién ¢d kia.

Chi y
e P(4UB)=P(A4)+P(B)-P(4nB).
e Néu haibiéncd 4 va B ladoclap thi P(4nB)=P(4)-P(B).
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Il. XAC SUAT CO DIEU KIEN

Cho hai bién c8 4 va B. Xac suit cla bién cd A4 vdi

diéu kién bién c6 B d3 xay ra duoc goi la xdc sudt cda _ O PLITE” | _
A véi diéu kién B, kihiéula P(4|B). [ — ¢

N&u P(B)>0 thi P(A|B):%. \ S|
Khi d6, suy ra:|P(4 B)=P(B).P(4]|B)| " penIB): pLANS) R

Chuy

o Néu 4,B lahaibién c6 bat kithi P(4B)=P(A4)-P(B|4)=P(B)-P(A4|B).
Céng thirc trén dugc goi la cdng thire nhén xdc sudt.

n(4nB)

n(B)

e Cho haibiéncd 4 va B véi P(B)>0.Khido, taco: P(A4|B)=

e Cho haibiéncd 4,B véi 0<P(4)<1, 0<P(B)<I.
Khi d6, 4 va B 13 hai bién c& déc Igp khi va chi khi P(4) =P (4| B)=P(4|B)
va P(B)=P(B| 4)=P(B|4).

IV. CONG THU'C XAC SUAT TOAN PHAN. CONG THU'C BAYES

1. Cong thirc xac suat toan phan

Cho hai biéncé 4,B v&i 0<P(B)<1,taco:

P(4)=P(4nB)+P(4nB)=P(B)-P(4|B)+P(B)-P(4]B),

2. Cong thirc Bayes

. P
Cho hai bi€n ¢ 4,B v¢i P(A4)>0, P(B)>0 tacé:|P(B|4)=

Nhén xét: Voi P(A4)>0,0<P(B)<1 thi cdng thirc Bayes con c6 dang

P(B)-P(4|B)
P(B)-P(4|B)+P(B)-P(4]B)|

P(B|4)=
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Truong THPT Pham Phu Thir
To Toan, nam hoc 2024 - 2025

«

Nhing quyén sach ma ban than doc mai khéng xong, cé
nguwoi da xem hét.

Nhirng dé thi ban ngéi yén than khé lam khéng ra, ciing da
c0 nguwo'i thae dém tim cach giai.

Nhitng chuyén ban luén “con nhiéu thoi gian d€ mai lam”, thi
biét bao nguoi cé gang lam nét ‘chuyén hém nay quyét
khéng dé ngay mai”.

Vi vdy that xin 16i, ngéi traong ma ban ao wéc thi do, nguwdi
khéc c6 thé ngang nhién bwéc vao con ban chi cé thé “ao
woc”.

Cudc séng ma ban mudn trdi qua chi cé thé ngém ngdi ding
nhin ngwoi khéac trai qua!

»

Hy vong, cudi cang thanh tich cda cdc em sé khéng chi thap
séng ca mda hé, ma con ca twong lai phia truéc.

Chdc cac em thanh cong!




